
THE PROBLEM OF DETERMINING THERMAL RESISTANCE* 

D. I .  Z a k s  UDC 536.2 

It is demonstra ted that the thermal  res is tance  of bodies exhibiting conductive thermal  con- 
ductivity depends on the form of the tempera ture  field at the sur faces  [S 1 and $2] bounding 
the body. This relat ionship has been worked out on a model problem. 

The overheat ing of a body is frequently charac te r ized  by the thermal  res is tance  R, determined [1] 
f rom the formula 

R - 01 - -  02 
P 

(D 

However, in real  designs the sur faces  S 1 and S 2 are  general ly not isothermal.  In calculation pract ice  
[2] relat ionship (1) is therefore  replaced by 

= 0 1 - -  02 (2) 
P 

Here it is assumed that (1) and (2) are  identical. 

Let us examine this problem in grea te r  detail. F i r s t  of all, we note that 

R > R .  (3) 

There is hardly any point in present ing the proof of this inequality, since an inequality s imi la r  to (3) 
for inverse e lec t r ica l  capacitances C -1 is well known in e lec t r ica l  eng~,n,~,~:ing [3]. Using the theory of s imi-  
lar i ty  to replace C - I  by the thermal  res i s tances ,  we derive inequality (3). 

To relate R to R, let us examine a medium v 2 bounded by surfaces  S 1 and S 2 (see Fig. la) .  Wefind 
and R between S~ and S 2. For  this, we choose the functions r and 0 expressed  in units of tempera ture  and 

A ~ = 0 ,  A 0 = 0 ,  (x, y, z) Ev2--Si, $2; (4a) 

= P R ,  0=0 i (x ,  y, z), (x, y, z)ESi; (4b) 

~ = 0 ,  0=0~(x, V, z), (x, Y, z)CS2; (40) 

f O0 d S -  P . a n  ~'2 (4d)  

$1 

we subject these to the conditions 

So as to be able to use the theorem of the average in the future, we will also require  that the function 
0 does not change sign over its entire region of existence. This condition is easi ly satisfied by appropriate  
location of the reckoning origin for the tempera ture .  

As we can see from (4), the function ~ is i so thermal  at the surfaces  S l, and $2, while the function 
has been specified a rb i t r a r i ly  at S 1 and S 2. 

We will use the Green ' s  formula [4] in the region of v 2 

S1+S~ v~ 

With considerat ion of (4), Eq. (5) is t r ans fo rmed  to 

*In this paper we will be talking exclusively of the p rocesses  of conduction heat t rans fe r .  
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Fig .  1. T h e o r e t i c a I  m o d e l  (a) for  the  d e -  
r i v a t i o n  of r e l a t i o n s h i p s  (1)-(7) and  d i s k  0a) 
in an unbounded m e d i u m  (model  p r o b l e m ) .  

f ( ~ O0_Oon --00~dS=on] ; 0 O~ 
S t  S e  

Using  the t h e o r e m  of the  a v e r a g e  and cond i t ion  (4d), we 
f ind 

P*R (s,) ~s, = ~ (s~) g~s~, (6) X 2 On 
w h e r e  

a~ a# 
On (S~)= 0 -~-dS OdS. 

S t S i 

F u r t h e r  t r a n s f o r m a t i o n s  l e a d  to 

F o r m u l a  (7) r e l a t e s  the  t h e r m a l  r e s i s t a n c e s  given by (1) and (2). 

We e x a m i n e d  a m o d e l  p r o b l e m  to ach i e ve  a quan t i t a t i ve  e v a l u a t i o n  of (7). 

(7) 

A thin  d i s k  wi th  a c o a x i a l  
h e a t  s o u r c e  of c o n s t a n t  p o w e r  s e r v e d  as  ou r  m o d e l  wi th  the  h e a t  s o u r c e  p l a c e d  into an inf in i te  m e d i u m  e x -  

The m a t h e m a t i c a l  f o r m u l a t i o n  of th i s  p r o b l e m  i s  h i b i t i n g  a d i f f e r e n t  t h e r m a l  c o n d u c t i v i t y  ( s e e ( F i g .  l b ) .  
of the  fo l lowing  f o r m :  

wi th in  the  d i s k  

ou t s i de  the  d i s k  

_ q O<r<rol A01 = X i  

0 ro<r.Ga) 

A0 n = O, 

a t  the  s u r f a c e  of the  d i s k  

0 8  ~ . 08 n 
0~ = 0It, ~l ~ -  = ~2 b-n " 

Solv ing  th i s  p r o b l e m  by the me thod  of s u c c e s s i v e  a p p r o x i m a t i o n s ,  we find 01 and ft = S'~lP -1 S 0IriS" 
St 

Knowing R = 1/8a% 2 for  the  i s o t h e r m a l  d i s k  [5], we f ina l ly  f ind 

4aZ~ [ a2 (1 ~ ~ 2 "  2 l /  r~ _r~d=~)] (8) - ~ - ~ , l q 7  a - - ~  [ - - 0 . 0 5 3 + - ~ o  2 --Vl--roa ) - - y  1--r~a-' ~ 2 q - l n ( l + 7 ,  1 

R e l a t i o n s h i p  (8) i s  s a t i s f i e d  unde r  the  cond i t i ons  

)> 1, ~ >> 1, 6Lt 18-0 = const. (9) 
6 N 

If we a s s u m e  ~1 = Z2 and 6= 0, we can  f ind the e x a c t  so lu t i on  fo r  the  m o d e l  p r o b l e m :  

4 
--  for r o = 0; (10) 

R 

= 0.8 - - 4  for r0 = a. (11) 
R z 

The  r e s u l t s  f r o m  the c a l c u l a t i o n  of YI /R with  (9), (10), and (11) a r e  shown in Tab le  1. 

As  we can s e e  f r o m  the Tab le  1, when r 0 = a we have  I I  ~ R. The cond i t i on  r 0 = a i n d i c a t e s  tha t  the  
h e a t  s o u r c e  i s  u n i f o r m l y  d i s t r i b u t e d  o v e r  the e n t i r e  s u r f a c e  S 1. P r o b l e m s  wi th  such  a b o u n d a r y  cond i t ion  
a r e  u s u a l l y  s o l v e d  m o r e  e a s i l y  than  with  the  cond i t ion  of i s o t h e r m i c i t y  a t  S 1. 

Thus ,  in c a l c u l a t i n g  the t h e r m a l  r e s i s t a n c e  of b o d i e s  e x h i b i t i n g  c onduc t i ve  t h e r m a l  c o n d u c t i v i t y  we 
a r e  c o n f r o n t e d  wi th  a c e r t a i n  i n d e t e r m i n a c y .  Th i s  i s  a c o n s e q u e n c e  of the fac t  tha t  the  r e l i e f  of the  t e m -  
p e r a t u r e  f i e ld  at  S~ and S 2 fo r  P = c o n s t  m a y  d i f f e r  for  i d e n t i c a l  s t r u c t u r e s .  To e l i m i n a t e  th i s  i n d e t e r -  
m i n a c y ,  we m u s t  s t i p u l a t e  the  n a t u r e  of the  t e m p e r a t u r e  f i e ld  at  the  s u r f a c e s  S t and S 2. 

It i s  a p p a r e n t l y  a d v i s a b l e  to b a s e  the d e t e r m i n a t i o n  of the  t h e r m a l  r e s i s t a n c e  on (1). 
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TABLE 1. The Rat io  of YI /R as a Funct ion  of the Disk  P a r a m -  
e t e r s  

r--L 0 0,s 1,0 Parameter values 
s 

/? 

/? 

1,27 

1,15 1,12 

1,02 

1,03 

-~-2 =1 ,  ~ = o  

4ak~ 
- ~ l  

01 and 0 2 
S 1 and S 2 
P 

O-i : S i l l )  OdS 

a and 5 

r 0 and 6 
k 1 and ~2 
q 
01 and 0 II 

NOTATION 

a r e  cons tan t  t e m p e r a t u r e s  at  the s u r f a c e s  S 1 and $2; 
a r e  the s u r f a c e s  between which the t h e r m a l  r e s i s t a n c e  is de t e rmined ;  
is the heat  flux (power) p a s s i n g  th rough  the s u r f a c e s  S 1 and $2; 

denotes  the s u r f a c e - a v e r a g e d  t e m p e r a t u r e s  at Si; 

a r e  the rad ius  and th ickness  of  the disk;  
a r e  the rad ius  and th ickness  of the hea t  sou rce ;  
a r e  the coef f ic ien ts  of t h e r m a l  conduc t iv i ty  for  the d isk  and for  the ambien t  m e d i u m  v.~; 
is the dens i ty  of the hea t  sou rce ;  
a r e  the t e m p e r a t u r e s  inside and outs ide  the disk.  

1. 

2. 

3. 

4. 

5. 

LITERATURE CITED 

P. Schneider ,  E ng i ne e r i ng  P r o b l e m s  in Heat  Conduct ion [Russian t r ans la t ion] ,  IL (1960). 
N. M. Dul 'neva ,  A u t h o r ' s  A b s t r a c t  of Cand ida te ' s  D i s se r t a t i on  [in Russ ian] ,  LPI  im. Kalinina (1966). 
G. Polya  and G. Seryo,  I s o p e r i m e t r i c  Inequal i t ies  in Mathemat ica l  P h y s i c s  [Russian t r ans la t ion] ,  
F i z m a t g i z  (1962). 
N. S. Koshlyakov,  ~. B. Gl iner ,  and M. M. Smirnov ,  Bas ic  Dif fe ren t ia l  Equat ions  of Mathemat ica l  
P h y s i c s  [in Russ ian] ,  F i z m a t g i z  (1962). 
N. N. Lebedev,  I. P. Ska l ' skaya ,  and Ya. S. Uflyand, Col lec t ion of P r o b l e m s  in Mathemat ica l  Phy-  
s i c s  [in Russ ian] ,  G I T T L  (1965). 

517 


